A thermodynamic analysis of phase equilibria in the MgAlHo ternary system has been carried out with special emphasis on the metastable phase separation of the hexagonal close-packed (hcp) phase. In this study, the Gibbs free energy of mixing of the hcp phase was evaluated using first-principles calculations combined with the cluster variation method (CVM), and the obtained results as well as the available experimental data were introduced into the analysis. The calculated results enabled the reproduction of experimental results on both the phase equilibria and the thermodynamic properties obtained from the first-principles calculations and the CVM. In addition, the calculations indicated a tendency for metastable two-phase separation in the hcp phase between the Mg-rich corner and the AlHo binary side, which was similar to the MgYZn ternary system shown in our previous work.
Introduction
Magnesium alloys are potential candidates for a large number of structural applications because of their low density and very high specific strength; thus, much attention has been directed toward improving the strength and ductility of these alloys. Kawamura et al. have recently developed the Mg 97 Zn 1 Y 2 (at%) alloy, which was produced by rapid solidification processing and hot extrusion, and which exhibited a tensile yield strength of 610 MPa and elongation of 5% at room temperature.
1) It seems likely that these superior mechanical properties arise from the formation of a new 18R-type long period stacking ordered (LPSO) structure and the ability to prevent the growth of deformation twins. 1, 2) This new LPSO structure has an ordered distribution of Y and Zn atoms in the periodical arrangement of stacking faults on the hexagonal close-packed (hcp) lattice. Although the formation of various types of LPSO structures such as 10H, 14H and 24R besides the 18R-type has been reported, 3, 4) the formation mechanism of LPSO structures has not been elucidated to date. More recently, Masumoto et al. 5) have performed a thermodynamic analysis of the MgYZn ternary system by combining first-principles calculations with the calculation of phase diagrams (CALPHAD) 6) approach. They reported a strong tendency toward phase separation in the hcp solid solution between the Mg-rich corner and the YZn binary side, resulting in the characteristic LPSO structures.
In this study, we have carried out a thermodynamic analysis of the phase equilibria in the MgAlHo ternary system by coupling first-principles calculations combined with the cluster variation method (CVM) with the CALPHAD method. The aim of this study was to present the phase equilibria in the MgAlHo ternary system, focusing in particular on the metastable thermodynamic properties of the hcp phase, which correlates strongly with the formation of LPSO structures.
Calculation Procedures

Gibbs free energy of mixing of the hcp phase in the
MgAlHo ternary system Because the stable region of the hcp solid solution that appeared in the MgAlHo system is very limited, the Helmholtz free energy of mixing of the hcp phase was evaluated using first-principles calculations combined with CVM, and the obtained results were introduced into the thermodynamic analysis. In this analysis, we regarded the evaluated Helmholtz free energy of mixing as being almost identical to Gibbs free energy of mixing, as the magnitude of the P¦V term for solid phases, where P is the pressure and V is the volume, to be added to the Gibbs free energy is small at atmospheric pressures.
7) The calculation procedures are briefly explained in this section.
The free energy of the various lattice configurations is often depicted using the cluster expansion method (CEM). 8) This method is summarized as follows. The total energies of various ordered structures composed of hcp space lattice are computed by means of the first-principles method. We noted that the total energies are intuitively just the cohesive energies of various ordered structures in this study. Then, the total energies are used to extract the chemical interaction energy between component atoms in various crystalline environments. This established procedure has already been applied to a large number of alloy systems as discussed in the literature, 9) and we followed it in this study. In calculating the Helmholtz free energy of mixing, we disregarded the electronic and vibrational degrees of freedom and considered only the contribution of the configurational degrees of freedom associated with Mg, Al and Ho distributions to the free energy. The energy of formation ÁE º form of a stoichiometric ordered structure º was extracted from the total energy by subtracting the concentrationweighted average of the energies of the pure elements in the º state, as:
where c i is the concentration of element i. The term E º total denotes the total energy of the º structure, while the terms E fcc-Al total , E hcp-Ho total , and E hcp-Mg total refer to the total energy of facecentered cubic (fcc) Al, hcp Ho and hcp Mg, respectively. To obtain the Helmholtz free energy of mixing at a finite temperature, the computed energies of formation for each structure are described using the effective cluster interaction (ECI) for a cluster ¡, J ¡ and a cluster correlation function ² º ¡ for each structure º as follows:
Because a cluster correlation function ² º ¡ can be defined uniquely for each completely ordered structure, an inverse matrix of eq. (2) yields ECI as:
Once the cluster expansion is accomplished, the total energy of a system can be calculated, and hence the free energy of any atomic arrangement in the MgAlHo system can be calculated. The Helmholtz free energy of mixing of a system is described by the internal energy and entropy terms in the CVM formalism in the following equation:
where £ ¡ is a KikuchiBarker coefficient, 11) and S ¡ denotes the entropy contribution from the cluster ¡. The term ¡ max represents the maximal cluster considered in an expansion. For cluster expansion and cluster variation, we used the code developed by Sluiter et al.
12)
To perform a cluster expansion for Mg, Al and Zn configurations, we assign an occupation variable · i to each possible site i, having the value +1 or 0 depending on the site in which the component atom resides. The value +1 is given to · i when Al or Ho occupy the site, and 0 for Mg in the ternary system. For a binary system, we simply assign the occupation variable +1 or 0 to each component atom. It has been shown that the dependence of any property on configuration can be exactly expanded in terms of polynomials ² ¡ of these discrete occupation variables · i . The term ² ¡ is defined as a product of the occupation variables · i ; · j ; Á Á Á · k , where the indices i; j; Á Á Á k correspond to a collection of sites that form a cluster ¡, such as a pair cluster, a triplet cluster, and so on.
The total energy calculations were performed with the VASP code, 13, 14) which is based on the density functional theory. Exchange and correlation functions were given by the generalized gradient approximation, as proposed by Perdew et al. 15) The electronion interaction was represented by the projector augmented wave method with plane waves up to an energy of 300.5 eV.
16) The k-point mesh of Brillouin zone sampling in a primitive cell were ¥ centered grids for a ternary system, and was based on the Monkhorst Pack scheme 17) for a binary system, with Fermi broadening of 0.1 eV. The convergence criteria for the electronic self-consistency and ionic relaxation loop are 10 ¹4 and 10 ¹3 eV, respectively. Superstructures for computing the ÁE º form values were constructed by changing the stack of atoms along a given direction of the parent hcp structure lattice.
1821)
Thermodynamic modeling
The regular solution approximation was applied to liquid, hcp, fcc and body-centered cubic (bcc) solid solution phases. The Gibbs free energy per mole of atoms of the º phase was described using the following equation:
where x i denotes the mole fraction of element i, R is the universal gas constant, and T is temperature in Kelvin. The term G º i denotes the Gibbs free energy of element i in the º phase and is called the lattice stability parameter. The descriptions of the lattice stability parameters for each pure element were taken from the Scientific Group Thermodata Europe (SGTE) data.
22) The parameter L º i;j denotes the interaction energy between i and j in the º phase and has a compositional dependency using an n-th degree Redlich Kister polynomial 23) as follows:
where:
where the terms a n and b n are model parameters to be evaluated in the thermodynamic analysis. The term L º Al;Ho;Mg is the ternary interaction parameter between Al, Ho and Mg, and its variation with composition is given by:
Al;Ho;Mg are coefficients to be evaluated in the thermodynamic analysis.
To describe the ordered B2 structure of the bcc phase appearing in the MgHo binary system, the Gibbs free energy of the B2 phase was expressed by the two-sublattice split compound energy model proposed by Ansara et al.
24)
The Gibbs free energy of compound phases with some homogeneity range was described using the sublattice model. 25) For the simple case of a phase with the formula (A, B) m (C, D) n , where m and n are the numbers of the sites of Sublattice 1 and Sublattice 2, respectively, the Gibbs free energy per mole of atoms of the compound is given by: 
where L i,j:k (or L i:j,k ) is the interaction parameter between unlike atoms on the same sublattice, and is described by an equation similar to eq. (6) . In this analysis, the formulae (Ho,Mg) 5 
where the terms a and b correspond to the enthalpy and entropy terms, respectively, and were evaluated in this study.
Results and Discussion
The MgAl binary system
The MgAl binary system is composed of a liquid (L), hcp, fcc, and three intermetallic compounds, Mg 17 26) The thermodynamic analysis has been performed by Saunders, 27) Zuo and Chang, 28) Chartrand and Pelton, 29) Liang et al., 30) and Zhong et al. 31) and the assessed thermodynamic parameters satisfactorily reproduced the experimental phase equilibria. In the present study, however, the thermodynamic assessment has been carried out considering the free energy of mixing of the hcp phase obtained from CEM and CVM, together with the available experimental data. 26, 3244) In the CEM calculation for the MgAl system, the maximal cluster, which is determined using an algorithm that searches for the most compact clusters, 9) consists of one octahedron and two five-point clusters, up to the fourth nearest pairs. Figure 1 shows the structure of hcp and the number of points for each cluster listed in Table 1 . As shown in the table, clusters of an optimal set are composed of point, pair and triangle for this binary system. To extract values for 8 ECI out of 22 kinds using 66 enthalpies of formation in the MgAl system as given in Table 1 , a singular value decomposition algorithm was applied.
The Gibbs free energy of mixing of the disordered hcp phase of the MgAl binary system was calculated from the obtained ECI values as shown in Fig. 2 . The symbols denote the values obtained from the CEM and CVM, and the solid lines represent the thermodynamically assessed results. It should be noted that the calculated enthalpies of mixing of the hcp phase were revealed to be negative, whereas the reported results 31) were positive. The assessed thermodynamic parameters are listed in Table 2 , and the calculated MgAl binary phase diagram is compared with the experimental data in Fig. 3 . The assessed thermodynamic parameters reproduced the values obtained from the CEM and CVM, as well as the experimental phase boundaries.
The MgHo binary system
The equilibrium phases in the MgHo binary system are: a liquid (L), hcp, bcc, Mg 24 Ho 5 (A12), Mg 2 Ho (C14-type Laves) and MgHo (B2) phases. 45) The thermodynamic analysis has been carried out by Cacciamani et al. 46) In this study, as in the case of the MgAl binary system, the thermodynamic assessment was performed using the data obtained from CEM and CVM, as well as the available experimental data. 45, 47, 48) To extract the values for 7 ECI, i.e., one point, four kinds of pairs, and two kinds of triangle clusters, 120 enthalpies of formation were utilized to express the free energy of this binary system as given in Table 1 . Figure 4 shows the calculated Gibbs free energy of mixing of the hcp phase in the MgHo binary system (solid lines) compared with the values obtained from the CEM and CVM (symbols) for comparison. The assessed thermodynamic parameters are listed in Table 2 , and the calculated MgHo binary phase diagram is shown in Fig. 5 . The assessed thermodynamic parameters generally reproduced the values obtained from the CEM and CVM, as well as the experimental phase boundaries. As shown by the broken line in Fig. 5 , the calculation indicated the presence of a metastable miscibility gap in the hcp phase.
The AlHo binary system
The AlHo binary phase diagram has been proposed by Gschneidner and Calderwood 49) based mainly on the work by Meyer.
50) The phase diagram indicates that the AlHo system is composed of: a liquid (L), fcc, hcp, Al 3 Ho, Al 2 Ho (C15-type Laves), AlHo, Al 2 Ho 3 and AlHo 2 . The enthalpy of formation for Al 2 Ho has been measured by Colinet et al.
51)
Thermodynamic assessment of this binary system has been carried out by Cacciamani et al. 46) and Jin et al. 52) As with the other two binary systems, the thermodynamic parameters were reevaluated here using the free energy of mixing of the hcp phase obtained from the CEM and CVM as well as the Fig. 4 The Gibbs free energy of mixing of the hcp phase in the MgHo binary system. Table 2 The evaluated thermodynamic parameters of the MgAlHo ternary system.
Phases and models Thermodynamic parameters, J References
Liquid: (Al,Ho,Mg) Table 1 , 78 enthalpies of formation for ordered structures were calculated. The thermodynamically assessed Gibbs free energy of mixing of the hcp phase at T = 800 and 1300 K is shown in Fig. 6 , along with the values obtained from the CEM and CVM. The calculated results obtained in previous work 46) are also shown in Fig. 6 ; as seen, the present values were found to be considerably more negative than the previous ones. Given that the mutual solubility in the hcp phase was greatly limited in the stable phase diagram, it seemed difficult to determine the precise thermodynamic properties of the hcp phase over the entire composition range by using only the conventional CALPHAD approach. Thus, the Gibbs free energy of the hcp phase based on the results obtained from the CEM and CVM is regarded as more reliable than that obtained from the conventional CALPHAD approach. A comparison of the Gibbs free energy of mixing of the hcp phase in the AlHo binary system with the same phase in the MgAl and MgHo systems show that in the Al Ho system the hcp phase was more stable. We note that the stability of the hcp phase mentioned above was similar to that for the MgYZn ternary system in which the formation of LPSO structures is observed; the hcp phase in the YZn system is more stable than in the other two binary systems.
5)
The calculated AlHo binary phase diagram is shown in 
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Phases and models Thermodynamic parameters, J References Laves-C14: (Al,Ho,Mg) 2 (Al,Ho,Mg) 1 G LavesÀC14 Al: Al Fig. 7 , together with the experimental results, 50) and the assessed thermodynamic parameters are listed in Table 2 . The calculation indicated that the metastable hcp phase separation occurred on both Al-rich and Ho-rich sides, as shown by the broken lines in Fig. 7 . A comparison of the MgAlHo and MgYZn ternary systems yields the interesting finding that the phase separation of the hcp phase in the RE-rich region (RE: rare earth element) is predicted in the two binary systems that do not contain Mg.
5)
The MgAlHo ternary system
The phase equilibria in the MgAlHo ternary system at T = 673 K have been studied recently with optical and electron microscopy, X-ray diffraction, differential thermal analysis and electron probe microanalysis by De Negri et al. 53) According to their experimental results, an Al-rich ternary compound¸, Al 2 Ho 0.39 Mg 0.61 , with the C36, MgNi 2 -type hexagonal structure is present at T = 673 K. The binary compounds MgHo (B2) and Al 2 Ho (C15) dissolve up to 35 mol% Al and 10 mol% Mg, respectively. Thermodynamic assessment has been carried out by Cacciamani et al., 46) based on the experimental data of De Negri et al. 53) In the present study, the ternary thermodynamic parameters were evaluated using the free energy of mixing of the ternary hcp phase obtained from the CEM and CVM, as well as the experimental information. The obtained ECI energies from CEM calculation were listed in Table 1 , in which the numbers in the fourth column correspond to those presented in Fig. 1 . An optimal set of clusters for the ternary system consists of point, pair, triangle and four-point clusters.
The computed values of Gibbs free energy of mixing are plotted in On the basis of the information mentioned above, the evaluated parameters are listed in Table 2 . The calculated isothermal section diagram at T = 673 K is shown in Fig. 9 , along with the experimental phase regions 53) for comparison. The calculated results agree well with the experimental results. Figure 10 shows the calculated metastable phase separation of the ternary hcp phase in the MgAlHo ternary system. The calculations indicate a tendency for the metastable phase separation in the hcp phase between the Mg-rich corner and the AlHo binary side, and the Ho-rich corner and around 60 at% Ho section. Between the two, the former was expanded at high temperatures, and the critical temperature for phase separation was found to be approximately T = 2000 K. This may be caused by the higher stability of the hcp phase of the AlHo system among the three binary systems. A striking similarity was found between the MgAlHo and MgYZn ternary systems in the metastable phase separation of the hcp phase. From the thermodynamic point of view, we note that the MgAlHo ternary system has the same characteristic properties of the hcp phase required for the formation of the LPSO structures to the MgYZn ternary system: (1) the hcp phase in the TMRE (TM: transition metal) binary system is more stable than that in the MgTM and MgRE binary systems; (2) the metastable hcp phase separation occurs in the RE-rich region in the TMRE binary system; and (3) the metastable phase separation in the ternary hcp phase occurs between the Mgrich corner and the TMRE binary side, 5, 54, 55) where we note that TM may be regarded as being similar to Al for the Mg AlHo ternary system. 
Conclusions
A thermodynamic analysis of the MgAlHo ternary system was carried out using the free energy of mixing of the hcp phase obtained from first-principles calculations and the CVM, as well as the available experimental data. Following is a summary of the results obtained.
(1) The thermodynamic parameters of the MgAl, Mg
Ho and AlHo binary systems and the MgAlHo ternary system enabled us to obtain reproducible calculations of the Gibbs free energy of mixing of the hcp phase, as well as experimental data on phase boundaries. (2) The hcp phase of the AlHo system was more stable than that of the MgAl and MgHo systems. Furthermore, the metastable phase separation of the hcp phase was predicted in both the Al-rich and Ho-rich regions in the AlHo binary system. (3) The MgAlHo ternary system indicated a tendency for the metastable phase separation in the hcp phase between the Mg-rich corner and the AlHo binary side. (4) The MgAlHo ternary system exhibited the characteristic thermodynamic properties of the hcp phase required for the formation of LPSO structures.
